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SUMMARY
Electromagnetic media and metamaterials have been explored in frequency regimes ranging from the acoustic to the visible domain over the past decade. A large part of the design, fabrication and prototyping of such materials has focused on planar structures and devices have been demonstrated primarily for certain propagation directions and/or defined polarization. Here, we present the design of a focusing GRadient INdex (GRIN) lens that operates at radio frequency (RF) frequencies and is not polarization constrained. We compare the theoretical and experimental results from this lens designed to operate at X-band and fabricated using three dimensional (3D) printing technology to implement the effective medium. The lens with radially varying refractive index gradient was designed, optimized and analyzed by conducting full-wave simulations finite-element method based software. The permittivity was estimated by effective medium theory and calculated using HFSS®. The optimized design was used to fabricate the GRIN lens with isotropic, inhomogenous dielectric material. The refractive index was designed to match the theoretical results using mixing ratio of air/voids and a polymer. Further, we used the refractive index profile to predict the rays' trajectories and focus length to compare them to those predicted by the finite element method (FEM) simulations. The field distributions were also analyzed to compare performance of the theoretical design to the fabricated lens and were found to be in good agreement with each other.
INTRODUCTION
Engineered electromagnetic materials and metamaterials have been researched in recent literature to explore devices that enable access to electromagnetic properties that are not available in nature. This new class of devices can not only open the door to new functionality but also be effectively utilized to improve the overall performance of existing systems with respect to electromagnetic performance, cost, size, weight and repeatability. The most important implication of engineered electromagnetic materials is the fact that they allow a designer access to materials with spatially varying anisotropic electromagnetic properties (permittivity, ε and permeability, µ) that are specified to match a given application [1, 2] . However, it should be noted that while metamaterials offer a set of viable solutions to modify the behavior of waves in a media, there are also a wide range of other engineered electromagnetic materials such as graded dielectrics that can be used to design practical media that is easily fabricated and offers attractive properties in terms of manipulating wave propagation [3] . Both graded dielectrics and metamaterial have been explored in the past using both simulation studies and practical demonstrations [4] [5] [6] . One example of such structures is the double-fishnet that has been used to fabricate 3D metamaterial structures [7] .
In this work, we focus on the design, fabrication, and characterization of a 3D metamaterial implementation of a GRIN lens. Some examples of lenses with gradient refractive index distribution [8] include the radial gradient in the cylindrical coordinates (Wood lens), radial gradient in the spherical coordinates (Maxwell fish-eye-shaped and the Luneburg lens), and planar gradient lens [9] . An important application of such lenses in the microwave regime is in antenna systems with high directivity for beam scanning [10] . These lenses can be used to manipulate wave propagation such as convert spherical waves into flat plane waves. In the microwave bands, GRIN lenses are often made of polystyrene [11] . Currently focusing lenses with homogenous refractive index are curved. Their size and weight can also make them prohibitive in certain applications such as air-borne systems where these constraints are crucial to efficient operation. These issues can be addressed by designing a lens based on metamaterial structures and manufactured with 3D printing. We choose to use a metamaterial based design approach to improve on existing refractive index only based designs to mitigate some of the scattering and weight issues of existing components. It also allows us the freedom to manipulate the electromagnetic waves while maintaining performance.
DESIGN AND SIMULATION OF THE GRIN LENS
We present the design of a gradient index lens with an operational frequency of 12GHz capable of focusing a uniform plane wave to a point outside the lens. We begin with the Eikonal limit approach, to provide a first estimate for the performance of a metamaterial planar GRIN lens. This is studied using geometric optics such that an appropriate gradient refractive index distribution can be determined, that creates a focus at the desired length. The thickness of the lens is denoted by 't' and the focus is located at F(0,-f) where 'f' is the focal length. The refractive index distribution can be given by a function, n(x), that describes the gradient distribution in the x-direction but remain invariant in the z-direction. D is the radial extent of the lens, O is the origin and T is the dimension in the direction of propagation. A plane wave that consists of parallel rays incident on the top surface undergoes multiple refractions through the lens and converges into a focus at F. Conversely, if a divergent beam is incident on the bottom surface, it gets converted to a plane wave as it emerges from the top surface. The optical path of an arbitrary ray located at 'x' can be written as:
For the rays to all converge to a single focal point, the optical path lengths of arbitrary off-axis rays should equal to those passing exactly at the optical axis. This can be expressed mathematically through the refractive index distribution as shown in Equation 2.
The optical paths of the rays are curvilinear but can be approximated to linear paths for a very thin lens. The lens can also convert cylindrical waves emitted by the line source placed at the focus into plane waves after passing through the lens. The lens we designed has a thickness of 4.5cm and radius of 11cm with a focal length of 25cm. In contrast to lenses designed for operation in the optical regime, where lens size is many magnitudes larger than the wavelength, lenses that operate at RF wavelengths are physically only a few times larger than the wavelength. Therefore, approximations such as Eikonal limit predictions that can be made at optical wavelengths are not entirely accurate in the RF regime [12] . In order to fully describe the lens, full wave electromagnetic analysis must be carried out that takes into account near-field effects such as scattering and diffraction. Since this analysis is complex and time consuming, approximations are usually used at first to gain insight into the basic function of such devices. The solutions obtained from these simple methods can then be refined using more rigorous methods. To this end, we use first order approximations using ray tracing and two dimensional (2D) simulations which are followed with full 3D models and measured results.
We begin with the refractive index profile was used in a Matlab® program to predict the rays' trajectories and focal length. The program takes into consideration the differential index gradient and uses the method described by Sharma et al [13] to predict ray path and convergence point/focus. The simulation results for focal length are compared to those predicted by the Equation (2) and found to be comparable at 25 cm. While the ray tracing provides a good estimate of the properties of the lens, these are not exact estimates. This is because at microwave frequencies the size of the lens is comparable to the operational wavelength and thus challenges the Eikonal limit. A near-field solution has to be considered for more exact results. We compare the focal length calculated by this approach to that determined using full wave 2D simulations of the lens to elucidate this difference. The basic lens profile is modeled using finite element based simulations in Comsol® to analyze the power distribution and ray trajectories are estimated using time average power. These results are plotted in Figure 1 and the focus is found to be at ~23cm. The electric field profile is also plotted using a rainbow map and overlaid on the power flow lines. It follows the same pattern as the power as expected. Further, it should be noted at this point that 2D simulations of electric field have a �1 √ ⁄ � dependence while those in 3D have a (1⁄ ) dependence which creates discrepancies in the results. The 2D models simulated in Comsol® can be modified to a 3D case using the appropriate function with radial and angular dependence but those simulations were not performed due to computational overhead and instead the actual 3D lens structure with units cells was simulated to present a more complete picture. These 3D simulations were performed using HFSS® and results are presented later in the paper.
Once the refractive index profile is verified to have the required focal length at 12GHz, the next step is to design the electromagnetic media that will be used to fabricate the lens. This process begins with the design of the unit cells. The unit cell geometry chosen for this lens was a square dielectric with a void in the center (refer Figure 2(a) ). The material properties of the dielectric used by the 3D printer are ε=2.86 in the frequency regime of interest. We begin with a structure where the dimensions are approximated using the Maxwell-Garnett (MG) formula. The MG formula is well suited to discrete inclusion mixtures which occur in nature and is easily extended to engineered materials with disparate unit cells that act in unison to produce the behavior of an effective medium. This formula works best for small filling fractions and low material contrasts where the material properties of inclusions do not differ much from the background material. Therefore this approximation will not be valid for the extreme case of a solid dielectric block and dielectric blocks with very small holes. It should also be noted that MG formula is only valid for wavelengths which are long in comparison with the periodicity of the unit cells in the engineered medium [14] [15] [16] . Since our unit cell size falls well within this constraint we can use the MG formula for most of the cells noting that some cells will be excluded based on filling fraction constraints and material polarization effects.
With this initial guess of a partially filled/void unit cell, we conduct parametric studies using standard material retrieval processes conducted using HFSS® to determine the exact size of the voids that will give us the required index at each point. The refractive index vs. void volume that results from the extraction is calculated and plotted. Twenty five different unit cells were simulated varying the volume of the void from 0 to 97.3 mm 3 . This data was fitted to find an equation that represented the curve shown in Figure 2(b) and was used to programmatically draw each of the over 10,000 unit cells in the lens that make up the effective medium. Finally, the refractive index of the lens vs. radius (Figure 2(c) ) was used to determine the placement of the designed unit cells. Full wave electromagnetic simulations based on FEM using commercial software HFSS® are used to explore and verify different unit cell designs that give the requisite refractive index. The material parameters of the effective medium are calculated from the retrieved S-parameters of the unit cells simulated in HFSS® in the usual manner [17, 18] . The bounds of the studies are defined by the extremes of the unit cell design with no hole at one extreme (solid dielectric block unit cell) and the other extreme with the largest hole dimension dictated by the minimum thickness that can be fabricated depending on the strength of the chosen dielectric material and
the printer resolution (hollow unit cell with thin walls). We concluded our simulation studies by conducting 3D full wave electromagnetic simulations of the entire lens with actual unit cell dimensions and material parameters that were then used to fabricate the experimental device. The dimensions of the computational domain are 47cm in the x-direction and 30cm in the y and z directions. Radiation boundary conditions are used with an excitation of a uniform plane wave traveling in the x direction. The back face of the lens is centered at coordinates [0,0,0] and the lens extends 4.5cm in the negative x direction. The front face of the lens where the plane wave is incident is located at x=-4.5cm. 
These simulations will be a more accurate representation of a real lens and closer to the measured data since all near-field effects are accounted for. Figure 3(a) shows the magnitude of the electric field in the xz-plane for a uniform incident plane wave with z-polarization. The magnitude of the electric field was then plotted along the x-axis, which also represents the median of the lens. This line graph is shown in Figure 3 (b). The maximum of the electric field shows where the plane wave converges and the electric field is most concentrated and thus represents the focus of the lens. This is approximately at ~18.5 cm. As explained earlier, this is different from the focal length predicted by the 2D model but closer to the result measured in the fabricated laboratory prototype of the lens.
FABRICATION AND CHARACTERIZATION OF THE LENS
We used a 3D rapid prototyping printer to fabricate the GRIN lens shown in Figure 4 . 3D printers can be used to print a diverse set of materials from dielectrics to metals. The materials can be used either individually or in combination (mixed during fabrication) to obtain anisotropic permittivity and permeability values with a range wider than the basic materials used in their neat form [19, 20] . We can also further enhance this range of available material parameters through careful design of geometric features in the unit cells. For example, to lower the limit on available refractive index range, we included holes/voids in this lens design. Since these voids can be defined in the computer-aided design (CAD) file, the printing is seamless and does not require an additional milling step used in conventional processes.The lens was measured on a modified microwave Gaussian beam system. The system is used to fully illuminate the lens with a wave and measure the performance of the manufactured lens. The measurement system emits a Gaussian like wave that does not have uniform amplitude or phase. This has to be accounted for because it has a large effect on the output of the lens. The electric field is measured down the centerline of the lens from 10cm to 40cm from the back face of the lens in a similar fashion to the data obtained in the simulations earlier. The incident wave was modeled as a Gaussian beam with a phase center of 25cm and an aperture radius where the power decreased to −1 of 6.5cm to closely match the wave used to illuminate the lens in the experimental measurements. After taking into consideration the amplitude taper and phase variation of the incident wave in the computational electromagnetic simulations, the measured data compares favorably to the simulations (refer to Figure 5 below). 
DISCUSSIONS AND CONCLUSIONS
Microwave lenses such as GRIN lenses are used in a variety of applications such as electromagnetic wave collection and imaging. These lenses are major contributors to system size, weight and cost which forces tradeoffs between system parameters such as focal length, field of view, resolution, bandwidth, reflectivity, and range. We choose to use a metamaterial based design approach to improve on existing refractive index only based designs and mitigate some of the scattering and size issues of existing components. It also allows us the freedom to manipulate the electromagnetic waves while maintaining performance. The possibility of partial/full metallization further increases the range of constitutive parameters available for the designs. The 3D printing approach was chosen to show how such methods can be used to efficiently and accurately fabricate such devices and electromagnetic materials. This allows for building truly 3D electromagnetic structures as opposed to stacked layer approaches which gives us the freedom to leverage geometrical anisotropy as well as 3D material variation in our designs which in turn increase the degrees of freedom available to optimize the unit cells (and thus material parameters) for a given application. In conclusion, we have studied the designed and demonstrated a microwave GRIN lens that operates at 12GHz. We used theoretical modeling and full wave 2D/3D electromagnetic simulations to study the behavior of the device and also design the individual unit cells that constitute the homogenized medium used in the fabrication of the lens. Finally, we used this design to fabricate the lens using a 3D rapid prototyping method which fully automated the process and eliminated post-processing steps such as milling from the design. The fabricated lens was then experimentally measured and characterized for field distribution and focal length. The theoretical models and experimental results were found to be comparable. We expect that demonstration of such devices will pave the way for quick turnaround demonstrations of practical microwave devices.
